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Abstract
The longitudinal and transverse coupling impedances of a
small discontinuity on the accelerator chamber wall can be
expressed in terms of the electric and magnetic polarizabil-
ities of the discontinuity. The polarizabilities are geomet-
rical factors and can be found by solving a static (electric
or magnetic) problem. However, they are known in the ex-
plicit analytical form only for a few simple-shaped discon-
tinuities, for example, for an elliptic hole in a thin wall. In
the present paper the polarizabilities of a ring-shaped cut
in the wall are obtained. The results are applied to calcu-
late the coupling impedances of button-type beam position
monitors.
I. Introduction
The coupling impedances of a small discontinuity on the
wall of the vacuum chamber of an accelerator have been
calculated in terms of the polarizabilities of the disconti-
nuity [1], [2], [3]. The basic idea of the approach used is
related with the Bethe theory of diraction by small holes
[4], which shows that elds produced by a hole can be ap-
proximated by those due to eective dipoles induced on
the hole by an incident (beam) eld. The magnitudes of
the eective electric P and magnetic M dipoles are ex-
pressed through the incident elds E
h

;H
h

at the hole lo-
cation without hole [4], [5]
P

=  "
0
E
h

=2; M

=  H
h

=2 ; (1)
where  is the electric polarizability and  is the mag-
netic susceptibility of the hole, ^ is the normal vector to
the hole plane, and ^ is the tangential one. In general,  
is a symmetric 2D-tensor, but we will consider here only
axisymmetric holes.
The hole polarizabilities are known in an analytical form
only for a few simple cases. For a circular hole of radius b
in a thin wall  = 8b
3
=3 and  = 4b
3
=3 [4]. There are also
analytical results for elliptic holes in a thin wall [5]. The
polarizabilities for the case of a thick wall have been studied
using a variational technique in [6] for circular holes, and
in [7] for elliptic holes. There are also some approximate
formulae for slots [8].
In the present paper, the polarizabilities of an annular
cut in a thin wall are obtained and used to estimate the
beam coupling impedances of the button-type beam posi-
tion monitors (BPMs).
II. General Analysis
When the wavelength is large compared to the hole size,
the polarizabilities can be obtained from the electro- or
magnetostatic problem: nd the elds due to an aperture
(hole) in a metal plane when it is illuminated from one
side by a homogeneous static (normal electric or tangential
magnetic) eld.
A. Integral Equations
Let a hole in the plane z = 0 be illuminated by a far
magnetic eldH
0
from z > 0 side. We assume that the hole
center coincides with the origin of the plane coordinates
(u; v), and the eld is directed along ^u. One can decompose
this far eld as H
0
=2+H
0
=2 = H
0
for z > 0, and asH
0
=2 
H
0
=2 = 0 for z < 0, and consider two separate problems
| the symmetric and the antisymmetric one [6], [9]. For
a zero thickness plane, the symmetric magnetic problem is
trivial (the eld is H
0
=2 everywhere). The antisymmetric
problem can be reduced to the integral equation [9] for the
function G(~r) = 2H
z
(~r; 0)=H
0
Z
h
d~r
0
G(~r
0
)K(~r; ~r
0
) = u ; (2)
where ~r = (u; v), the integration runs over the aperture,
and the kernel is symmetric
K(~r; ~r
0
) =
1
4
2
Z
d~

e
i~(~r ~r
0
)
=
1
2j~r   ~r
0
j
: (3)
If Eq. (2) is solved, the magnetic susceptibility is [9]
 
u
=
Z
h
d~r
0
uG(~r
0
) : (4)
For an axisymmetric aperture, one can simplify Eq. (2)
using u = r cos', substituting G(~r) = g(r) cos', and in-
tergating over the polar angle '
0
. It yields
Z
[h]
dr
0
r
0
g(r
0
)K
m
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0
) = r ; (5)
with the following kernel
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where J
n
(x) is the n-th order Bessel function of the rst
kind, and
2
F
1
is the Gauss hypergeometric function. This
kernel has a ln-singularity at x = y
K
m
(x; y) '
8xy
(x + y)
3

ln
x+ y
jx  yj
+ 2 ln2  2

+ O(jx  yj ln jx  yj) : (7)
The magnetic susceptibility in this case is
 = 
Z
[h]
drr
2
g(r) : (8)
In Eqs. (5) and (8) symbol [h] denotes the interval of the
radius-vector variation: [h] = [0; b] for a circular hole of
radius b, and [h] = [a; b] for an annular cut with inner
radius a and outer radius b.
In a similar way, a solution f(r) of the electrostatic prob-
lem satises the integral equation
Z
[h]
dr
0
r
0
f(r
0
)K
e
(r; r
0
) = 1 ; (9)
with a more singular [O
 
(x  y)
 2

] kernel
K
e
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0
(x)J
0
(y) : (10)
The electric polarizability of the axisymmetric hole is
 = 2
Z
[h]
drrf(r) : (11)
A solution g(r) of the integral equation (5) must have the
correct singular behavior near the thin metal edge: g(r) /

 1=2
when  = b   r ! 0 or  = r   a ! 0. For the
problem (9), the function f(r), which is proportional to
the electric potential, must behave as
p
 near the edge
to provide for the correct singularity 
 1=2
of the electric
eld. In the case of a circular hole of radius b the exact
solutions of Eqs. (5) and (9) are known [4]. They are g(r) =
4r=(
p
b
2
  r
2
) and f(r) = 2
p
b
2
  r
2
=, substituting of
which in (8) and (11) gives the polarizabilities of a circular
hole cited in Introduction.
B. Narrow Cut: Analytical Solution
Suppose the width w = b  a of the gap is small, w b.
For a narrow annular cut, the electric polarizability can
be approximated by that of a narrow (yet bented) slot of
width w and length 2b  w as  ' 
2
w
2
b=4, see [8]. It
is obvious that  is small compared to  , since the normal
electric eld does not penetrate far through the narrow
gap, unlike the tangential magnetic eld on the parts of
the annular cut which are parallel to its direction.
Introducing dimensionless variables x = r
0
=b and y =
r=b, we are looking for a solution of Eq. (5) in the form
g(x) = C(x)=
p
(1  x)(x  ), where  = a=b, and C(x)
is a regular function in the interval [; 1]. For a narrow
gap   1     1, and one can expand C(x) as C(x) =
C + O(). Substituting this into Eq. (5) and keeping only
the singular part (7) of the kernel (the rest would give
corrections O() to the RHS) leads to the equation
1 =
C

Z
1

dx [ ln(8=jx  yj)   2 ]
p
(1  x)(x  )
; (12)
where we neglected terms O( ln ) in the RHS. Replacing
variables x = 1  u, y = 1  v, and using the identity
Z
1
0
du ln ju  vj
p
u(1  u)
=  2 ln 2 ;
ψ
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Figure. 1. Magnetic susceptibility (in units of b
3
) of a nar-
row annular cut versus its relative width w=b: solid line for
(14), long-dashed line for octagon model (15), and short-
dashed line for slot model (16). The dotted line shows the
susceptibility of the circular hole  =b
3
= 8=3.
we get from (12)
C = [ ln(32=)  2 ]
 1
: (13)
Then from Eq. (8) the magnetic susceptibility of a narrow
(w = b  a b) annular cut in a thin plate is
 =

2
b
2
a
ln(32b=w)  2
: (14)
It is interesting to compare Eq. (14) with the estimate [8]
obtained by approximating the annular cut with an octagon
and using the magnetic susceptibilities for narrow slots:
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b
3
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: (15)
While the behavior is similar, this estimate is a few times
smaller than (14), see Fig. 1. Moreover, even a more ex-
treme model | two long slots of length 2b and width w
oriented parallel to the magnetic eld | give the suscepti-
bility
 
m
=
4
3
b
3
ln(16b=w)  7=3
; (16)
which is still smaller than Eq. (14), see Fig. 1.
As seen from Fig. 1, the susceptibility (14) becomes
close to that of a circular hole for relatively narrow gaps,
w=b  0:1. To check this surprising result, and to nd the
applicability range for Eq. (14), we proceed below with a
variatonal study of Eq. (5).
C. Wide Cut: Variational Approach
An elegant variational technique for polarizabilities has
been developed in [6]. Multiplying Eq. (5) by rg(r) and
integrating over r, we convert it to the following variational
form for the magnetic susceptibility  
b
3
 
=
R
1

xdx
R
1

ydy g(x)K
m
(x; y)g(y)
h
R
1

x
2
dx g(x)
i
2
: (17)
A solution g(x) of Eq. (5) minimizes the RHS of Eq. (17).
We are looking for it in the form of a series
g(x) =
1
X
n=0
c
n
g
n
(x) with (18)
g
0
(x) =
1
p
(1  x)(x  )
; g
k
(x) = T
k 1

2x    1
1  

;
where c
n
are unknown coecients, and T
n
(x) are Cheby-
shev's polynomials of the rst kind. Denoting d
n
=
R
1

dxx
2
g
n
(x) and a
n
= c
n
d
n
, we dene the matrix
K
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
xdx
Z
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
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k
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m
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(y)=(d
k
d
n
) ; (19)
and convert Eq. (17) into the following form
b
3
 
=
P
k;n
a
k
K
kn
a
n
(
P
n
a
n
)
2
: (20)
Following [6], one can prove that minimizing the RHS of
Eq. (20) yields
 = b
3
X
k;n
 
K
 1

kn
; (21)
where matrixK
 1
is the inverse of the matrixK, Eq. (19).
The further procedure is straightforward: nth iteration
(n = 0; 1; 2; : : :) corresponds to the matrix (19) truncated
to the size (n + 1)  (n + 1). In the zeroth iteration the
truncated matrix is merely a number, K
00
; it corresponds
to the analytical study of Sect. II.B. All integrations and
matrix inversions have been carried out using Mathemat-
ica. Calculations show that only even terms of the series
(18) contribute, i.e. c
1
= c
3
= : : : = 0, and, eectively, one
can use g = g
0
+ c
2
T
1
+ c
4
T
3
+ : : :, and squeeze matrix
K removing odd lines and rows. The results for  versus
the cut width are shown in Fig. 2. As one can see, the
zeroth iteration, as well as the analytical solution (14), is
good for narrow gaps, w=b  0:15, but it is also not bad
for wide ones. The process practically converges in three
iterations (eective 0,1,2) for the whole range of the cut
width 0  w=b  1.
III. Impedances
The beam-chamber coupling impedances can be ob-
tained using formulas from [1], [2], [3] and polarizabilities
found in Sect. II. For example, a narrow annular cut of ra-
dius b and width w b on the thin wall of a circular pipe
of radius r  b produces the longitudinal impedance
Z(!) =  
iZ
0
!(   )
8
2
cr
2
'  
iZ
0
!b
3
8cr
2
[ ln(32b=w)  2]
: (22)
This result can be used to estimate the impedance of a
button-type BPM. Taking into account the wall thickness
reduces the estimate, cf. [6], [8]. For other cross sections of
the chamber, ReZ, and the transverse impedance, see [3]
and references therein. Note that the impedance (22) of a
narrow cut with w=b > 0:05 is larger than (but less than
twice) that of a circular hole with radius b, and tends to
the last one when w! b.
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Figure. 2. Magnetic susceptibility (in units of b
3
) of an
annular cut versus its relative width w=b. Thin points show
the zeroth iteration, and thick points are for the second one.
The solid line corresponds to Eq. (14) for narrow gaps, and
the dotted line is the limit of a circular hole, w = b.
IV. Conclusions
The magnetic susceptibility of an annular cut in a thin
wall is calculated using the analytical and variationalmeth-
ods. The estimate for the coupling impedance of a button-
type BPM is obtained.
The electro- and magnetostatic problems considered
above can also be solved numerically. With boundary con-
ditions which ensure a given homogeneous eld far from
the aperture plane, a static electric or magnetic potential
can be computed using standard codes. We have done this
for the electric polarizability of an axisymmetric aperture,
in which case the problem is eectively a 2-D one, using the
POISSON code. Results for a narrow gap and a hole coin-
cide with the expected ones. The case of a thick wall can be
also studied in this way. Unfortunately, for the magnetic
problem, as well as for an arbitrary aperture, this approach
requires 3-D codes and cumbersome computations.
We plan a further study using dierent methods to take
into account the eects due to the wall thickness.
The author would like to thank Dr. R.L. Gluckstern and
Dr. R.K. Cooper for useful discussions.
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